We investigate the plasmonic nanofocusing of terahertz waves in tapered graphene multilayers separated by dielectrics. The nanofocusing effect is significantly enhanced in the graphene multilayer taper compared with that in a single layer graphene taper due to interlayer coupling between surface plasmon polaritons. The results are optimized by choosing an appropriate layer number of graphene and the field amplitude has been enhanced by 620 folds at λ = 50 μm. Additionally, the structure can slow light to a group velocity ~1/2815 of the light speed in vacuum. Our study provides a unique approach to compress terahertz waves into deep subwavelength scale and may find great applications in terahertz nanodevices for imaging, detecting and spectroscopy. 
Introduction
Terahertz (THz) waves categorize between the far infrared and millimeter radio waves, which have shown great applications in multiple fields such as THz imaging [1, 2] , spectroscopy analysis [3, 4] and wireless communications [5, 6] . However, there exist considerable challenges to develop THz sources with high power density and nanoscale size [7] [8] [9] . This issue seriously hinders the applications of THz waves in nonlinear optics and nanoscale devices. Recently, nanofocusing of THz waves based on surface plasmon polaritons (SPPs) has attracted great attentions due to the possibility of field enhancement and light manipulation below the diffraction limit [10] [11] [12] . SPPs on metals such as gold and silver manifest weak field confinement at THz frequencies because the frequencies are far away from that of the bulk plasmon oscillation of metals [12, 13] . To bridge the mismatch, metal and metal/dielectric metastructures have been proposed to generate spoof SPPs, such as nanoantenna [14] , corrugated metal wires [10] , nanoslit [15, 16] and metamaterial photonic funnels [17] . However, the large loss and weak confinement of metal plasmons have prevented further enhancement and compression of the field [16] .
Recently, a two-dimensional semi-metal material with zero bandgap, known as graphene, has become a fascinating candidate for supporting infrared SPPs due to its unique electronic and photonic properties [18] [19] [20] . The TM-polarized SPPs can be tightly confined on graphene surface with the SPP wavelength being much smaller than the incident one, which has great potential for localizing THz wave on subwavelength scale and achieving strong field enhancement [21] [22] [23] . Another unique feature of graphene lies in that the surface conductivity can be conveniently tuned by gate voltage, electric field and chemical doping [24, 25] . Therefore, it has attracted great attentions for plasmonic nanofocusing of THz wave in monolayer graphene structures. For example, the monolayer graphene sheets can offer a 7-fold enhancement of the mid-infrared evanescent field [26] and the THz waves can experience a field enhancement of ten times stronger in the graphene coated taper probe than in the metal coated ones [27] . For graphene multilayer nanostructures, there have been demonstrated to be some novel properties due to strong field coupling, such as low loss plasmonic supermode and negative coupling effect [28] [29] [30] .
In this work, we study the plasmonic nanofocusing of THz waves in tapered graphene multilayers. We firstly derive a theoretical model to describe the SPPs propagation in the tapered graphene waveguide with adiabatic approximation, in which the validity of the adiabatic approximation is improved by taking the end reflection of the graphene waveguide into account. Combining with the numerical calculated results, it is found that the field confinement can be largely increased at the taper tip and the amplitude of THz wave can be enhanced by a factor of 620 at λ = 50 μm, both have been greatly enhanced compared with those in single layer graphene taper. As illustrated in Fig. 1(a) , a graphene multilayer scroll (multiple graphene monolayers separated by dielectric) is tapered to concentrate the incident THz waves propagating along z-axis. Figure 1(b) shows the xz and xy cross sections of the graphene taper. The taper is geometrically characterized by the following parameters (labelled in the xz cross section): the input aperture diameter (2R a ), the output aperture diameter (2R b1 for the inner layer and 2R b for the outer layer), taper length (L), and graphene layer number (N). For a graphene multilayer taper as N > 1, the graphene interlayer space at the input and output port can be calculated as
Theoretical model
, respectively. Graphene is treated as an infinitesimally thin layer and the graphene conductivity σ g , is governed by the Kubo formula [31, 32] . As shown in Fig. 1(b) , for a taper composed of N graphene monolayers (Black labels), the space can be divided into N + 1 areas (Red labels). The relative permittivity of the n-th area is assumed to be ε n (0≤ n ≤N). The dispersion relation of the graphene multilayer scroll can be obtained by the transfer-matrix (see Appendix for details):
n represents the graphene layer number, 1≤n≤N, κ i = (β 2 -ε i k 0 2 ) 1/2 with β being the wave vector of SPPs in the z direction, k 0 = 2π/λ, and n eff = β/k 0 being the effective mode index. I m (κr) and K m (κr) are the modified Bessel functions of the first and second kind (m = 0, 1). A m and B m are arbitrary constants determined by boundary conditions
. The adiabatic approximation (WKB method) is commonly employed to deal with SPPs propagating along the tapered structures, and the theory assumes no reflection from the end of the waveguide [33] [34] [35] . Actually, the end reflections could become noticeable because there exists strong impedance mismatch at the waveguide/air interfaces, which have been demonstrated in previous experimental reports [36] [37] [38] . By solving the Helmholtz Equation with adiabatic approximation and taking the end reflections of the taper into our theoretical model, we can obtain the formula for electric/magnetic field distributions when SPPs propagate in the tapered graphene multilayer (see Appendix for details):
where Φ(x,y,z) and Φ 0 (x,y,z) denote the corresponding fields (E r , E z or H φ ) of the graphene taper and graphene scroll, respectively. Φ 0 (x,y,z) can be expressed by Eqs. (6)- (8) in the Appendix. It is "+" for E r and "-" for E z and H φ according to the coordinate system. r a and r b are the reflection coefficients of the input and output ports respectively.
Results and discussions

Plasmonic nanofocusing in single layer graphene taper
Now we study the nanofocusing properties of the single layer graphene taper. In the following study, we assume that the taper is filled with Si and surrounded by air (ε 1 = ε 2 = … = ε N-1 = ε Si = 11.7 [39] , ε N = 1). The incident THz wavelength is set as λ = 50 μm. In order to efficiently couple the light into the graphene taper, the input aperture diameter is set as 2R a = 2 μm, comparable to half of the SPPs modal wavelength (λ SPP /2 ≈1.5 μm). The output diameter is set as 2R b = 10 nm [35, 36] . The chemical potential of graphene is set as μ c = 0.5 eV and the corresponding relaxation time τ = 0.5 ps at 300 K [40] . It should be noted that the graphene bending induced geometric potential is considered in the calculation [41, 42] , as analyzed in the Appendix. Figure 2(a) shows the variation of the effective index along the propagation direction. We can see that the real part (Re[n eff ]) decreases gradually at first and then rises rapidly near the taper tip, approaching to a maximum of 30 at the tip. The mode lateral extent at the tip, which is used to characterize the field confinement, is given by [43] 
we arrive at l SPP = 265 nm by using above parameters, demonstrating a subwavelength localization of the THz wave by plasmonic nanofocusing. It also appears that the imaginary part (Im[n eff )] manifests similar behavior along the propagation direction. To see the SPP field more clearly near the taper tip, we calculate the field distributions by numerical method based on the commercial finite-element software (COMSOL Multiphysics). It has been a great challenge to couple the light into graphene plasmons [38] . In order to efficiently excite the graphene SPPs, eigenmodes of the input port (solved by Eqs. (6)- (8) in Appendix) are used as the incident field in the calculation. The maximum mesh element size on the taper tip was set to be smaller than ΔR b /10 to obtain a satisfactory numerical convergence. The field distributions of the dominating transverse component E r and the normalized field amplitude |E|/|E 0 | (|E| 2 = |E z | 2 + |E r | 2 ) over a small area (labelled by dashed rectangle) at the tip are shown in Fig. 2 (c). |E 0 | is defined as the amplitude maximum of the incident field and the incident power is normalized to be 1 W [27] . It is observed that the SPP field dominantly distributes on the exterior surface of the graphene single layer. There is clearly a concentration of the field as a hotspot is created when the wave is guided to the taper tip, indicating the occurrence of plasmonic nanofocusing. The lateral extension of the hotspot is observed to be more than two hundred nanometers, which agrees well with the theoretical calculation. To quantitatively determine the field enhancement, the field distribution on the graphene exterior surface is calculated with adiabatic approximation and compared with numerical simulations. The reflection coefficients of the taper ports are calculated by solving S-parameter in Comsol Multiphysics (see Appendix). The results are shown in Fig. 2(d) . As expected, the field amplitude at the tip has been enhanced for more than two orders of magnitude due to plasmonic nanofocusing. The field variation profiles of the theoretical and numerical results are in accordance, validating our theoretical model in characterizing the propagation and nanofocusing of SPPs. In fact, the adiabatic approximation is valid under the condition |d(Q 1 −1 )/dz| << 1, where |d(Q 1 −1 )/dz| is the well-known adiabatic parameter with Q 1 = Re(β) [33, 44] . Figure 2 (b) plots the variation of |d(Q 1 −1 )/dz| along the propagation direction. The adiabatic parameter becomes much larger than 1 near the taper tip, indicating that there exists reflection in the adiabatic region, but it can still be negligible compared with the complete reflection at the graphene/air boundaries [21, 38] . As a result, the validity of the adiabatic approximation has been expanded, which can be confirmed by the great accordance between the theoretical and numerical results. In addition, the numerical calculated field amplitude is larger than the theoretical result at the taper tip, because there exists an evanescent field enhancement due to dielectric mismatch at the end of taper, which is not considered in the theoretical model. To get more accurate results for the field enhancement, the following studies are mainly performed based on numerical simulations.
The nanofocusing depending on the structure parameters of the single layer graphene taper are investigated here. Figure 2(e) shows the field amplitude enhancement at the taper tip (|E tip |/|E 0 |) as a function of the tip radius R b . For practical applications, the taper length is selected to be 3 μm and the smallest tip radius is set to be 5 nm [36, 45] . It can be observed that the field is strongly enhanced, especially for R b < 20 nm. The inset shows the mode lateral extent l spp as a function of the tip radius R b . As the tip radius increases, the field extent at the taper tip increases gradually, resulting in the decrease of field nanofocusing. It indicates that the strongly enhanced field is originated from the high spatial localization of SPPs at the taper tip. For a graphene scroll without taper, the plasmonic nanofocusing will completely vanish. Figure  2 (f) shows the field amplitude enhancement as a function of the taper length L. The field amplitude is oscillated with the taper length. The oscillation is due to the interference of SPPs in the tapered waveguide and the peak value can be obtained when the taper length is on resonance. The resonant lengths are calculated to be 2.3 μm, 5.1 μm and 7.2 μm by the resonant condition 2Re(k spp (z))dz + φ = 2mπ (0≤z≤L). φ is the phase shift caused by the reflection at the input and output ports and the value can be obtained from the reflection coefficients. We can see the theoretical calculated resonant lengths agree well with the numerical data. The overall profile of the result shows that the largest field amplitude enhancement is about 240 by nanofocusing in the single layer graphene taper. In multilayer graphene structures, there exist multiple eigenmodes due to field coupling between the SPPs from individual layers [28] . Figure 3(a)-3(c) show the mode profiles of E r (Eq. (7) in Appendix) for the 1-, 2-, and 3-layer scroll respectively. The outer and inner layer radii are set as R b = 5 nm and R b1 = 4 nm, which are used for the output aperture radii of the graphene multilayer tapers studied below. For a specific graphene scroll, the number of the calculated effective indices and modes is equal to the layer number N, similar with that in a graphene multilayer sheet array [28] . Particularly, we can see that the mode with the largest Re(n eff ) can be best confined inside the scroll, while the mode with the smallest Re(n eff ) cannot be confined well, indicating a great distinction between the different modes for plasmonic nanofocusing. To summarize, the modal eigenvalues (effective indices) for the N-layer scrolls (N from 1 to 10) are plotted in Fig. 3(d) (real part) and 3(e) (imaginary part). The modes are labelled as s = 1, 2, ...N, in terms of the increasing of Re(n eff ). We focus on the modes with the largest Re(n eff ) (s = N), because they have the best confinement as mentioned above. As shown in Fig. 3(d) , Re(n eff ) for mode s = N (red circles) significantly increases from 30 to more than 2800, which is due to the interlayer coupling between SPPs so that the THz field can be strongly confined in the taper [46] . Correspondingly, the mode lateral extent reduces from 265 nm to 2.8 nm according to Eq. (5), suggesting the field compression is significantly enhanced in the graphene multilayer taper. Compared with the plasmonic nanofocusing in metal-dielectric and graphene monolayer structures, in which the field can be compressed to about several tens to several hundreds of nanometers, the field compression in the graphene multilayer structure has been greatly enhanced [11, 16, 25, 47] . This result is of particular significance since the graphene multilayer taper could achieve much better field confinement and thus having superior potentials in obtaining an enhanced plasmonic nanofocusing. To demonstrate the predicted enhancement, the plasmonic nanofocusing of THz wave is investigated in the graphene multilayer taper. The two-layer structure is firstly studied, in which there exist two modes due to different mode couplings of SPPs. Figure 4 (a) and 4(b) show the variation of Re(n eff ) and Im(n eff ) for the two modes (green for s = 1 and red for s = 2), respectively. In particular, Re(n eff ) of mode s = 2 increases to a maximum of 680 at the tip, obviously much larger than that of mode s = 1. Correspondingly, the compressed mode lateral extension at the taper tip for s = 2 is calculated to be 11.7 nm. Figure 4(c) shows the adiabatic parameter |d(Q 1 −1 )/dz| varies along the propagation direction for s = 2. The variation becomes much slower than that in the single layer structure, implying that the SPP wavelength changes more slowly in the graphene multilayer taper. The normalized field distributions of E r component and |E| for the graphene two-layer taper are illustrated in Fig. 4(d) . The most notable feature is that the SPPs transport to the taper end with optical field dominantly confined between the graphene layers. While for the monolayer graphene or metal tapers, the field cannot be confined well in such a nanoscale area [28, 45] . It further confirms that the field localization in graphene multilayer taper has been strongly enhanced, making it possible to obtain a largely enhanced nanofocusing of THz waves. The oscillation pattern in the field distribution of |E|/|E 0 | is due to constructive and destructive interference between the forward and backward propagating SPPs, as mentioned above. Figure  4 (e) shows the theoretical and numerical calculated field amplitude (|E|/|E 0 |) profiles on the surface of the inner layer graphene. The theoretical and numerical results are in accordance that there is a large field enhancement at the taper tip as well. The field amplitude of the numerical result is larger at the tip, the same with that in the single layer graphene taper. In addition, the field enhancement for mode s = 2 is calculated to be remarkably larger than that of s = 1, as shown in the Appendix. Figure 4(f) shows the field amplitude enhancement as a function of the taper length L for s = 2 as ΔR b = 1 nm and 2 nm. The overall enhancement for ΔR b = 1 nm is larger than that of ΔR b = 2 nm, because the SPP field can be localized in a much smaller area at smaller ΔR b . For each ΔR b , more than one resonant peaks present over the range of L calculated, and the field enhancement decreases as L increases. To compare the nanofocusing effect between the N-layer (N = 1, 2, 3, …) graphene taper reasonably, the lengths of all the tapers are chosen to fulfill the resonance condition and to be those nearest to 3 μm. For example, the length is about 2.85 μm as N = 2. The corresponding field enhancement is about 470, which is about 200 larger than that of the single layer graphene taper.
Enhanced plasmonic nanofocusing in graphene multilayer taper
The field amplitude enhancement for N = 3, 4 and 5 is also calculated as functions of L, respectively. The results are shown in Fig. 5(a)-5(c) and the field distributions at the corresponding resonant peaks are shown in Fig. 5(d)-5(f) . We can see that the field distributions in the graphene multilayer tapers (N = 3, 4, 5) are similar with that of N = 2. As layer number N increases, less optical energy is observed to leak out from the taper tips. The field lateral extents are calculated to be 6.8 nm, 5.2 nm and 4.4 nm for N = 3, 4, 5 respectively, which indicates that the field confinement becomes stronger as the graphene layer number increases. Moreover, there are four peaks as N = 5, while there are only three as N = 3, over the same area labelled by black dashed rectangle in Fig. 5(d) . The reason is that, as the number of graphene layer increases, the real part of the effective index increases, and results in the decrease of spatial oscillation period. It suggests that the SPP field becomes more sensitive to the taper length as the graphene layer increases.
The field enhancement for the mode s = N as a function of the layer number N is shown in Fig. 5(g) . It reaches the maximum at N = 3 and then decreases. The enhanced nanofocusing of SPPs in the tapered graphene multilayer originates from the balance between field concentration and field damping. Figure 5 (h) shows inverse of the normalized effective mode area A eff (1/A eff , red curve) at the taper tip and the propagation loss η (green curve), characterizing field energy concentration and damping respectively, as functions of the graphene layer N. The normalized effective mode area is defined as A eff = W(x,y)dxdy/(λ 2 W max ), where W(x,y) is the energy density of the waveguide cross section [27] . η is defined as the field energy attenuation as the SPPs propagate from the input to the output port, i.e., η = exp(−k 0 Im(n eff )dz). We can see that as N increases, both the field energy concentration and attenuation keep increasing and tend to be saturated. Compared with the single layer graphene taper (A eff = 2.6 × 10 −7 ), the effective mode area of the multilayer taper experiences a great decrease (A eff = 1.1 × 10 −8 for N = 2), indicating a largely enhanced field nanofocusing. For the graphene few-layer tapers, the field concentration increases faster than that of field damping, resulting in the increase of field enhancement. As N further increases, the increase of field damping becomes more and more noticeable and goes beyond that of field concentration, thus the field enhancement presents to be decreased with N. Generally, the largest field amplitude enhancement can be obtained to be 620 as N = 3, which has been increased for more than 380 compared with that in single layer graphene taper.
We also pay attention to the greatly increased effective indices in the tapered graphene multilayers. Re(n eff ) has a large increase from 30 to about 2800 for N = 10 at the taper tip. Correspondingly, the SPP wavelength λ SPP can be compressed to 1/2800 of the vacuum wavelength. The group velocity of THz wave in the waveguide, calculated by ν g = c/[d(nω)/dω], is slowed down to ~1/2815 of the light speed in vacuum [48] . Such strong confinement and slow velocity of SPPs in the graphene multilayer taper is of great promise for applications in THz nanophotonics and slow-wave optics. It is well-known that the optical properties of graphene can be conveniently tuned by varying the chemical potential with chemical doping and gate voltage. In order to expand the investigation to a wider THz frequency range, the field amplitude enhancement |E tip |/|E 0 | is mapped as functions of THz wavelength and graphene chemical potential for N = 1, 2, and 3 respectively, as shown in Fig. 6 . For a fixed graphene layer N, the field enhancement on resonance increases with the wavelength and chemical potential, because the SPP propagation loss in graphene waveguide is inversely proportional to both of them. The overall results indicate that the best nanofocusing can be obtained at N = 2 for longer THz wavelength and larger chemical potential, and the largest field amplitude enhancement is obtained to be about 1800. It means that the field intensity, that scales as the square of field amplitude, can be enhanced by 5 to 6 orders of magnitude. If these fields are used for nonlinear optics, the field intensity would be enhanced by more than 10 orders of magnitude by plasmonic nanofocusing in graphene multilayer taper.
Conclusion
In conclusion, the plasmonic nanofocusing of THz wave in tapered graphene multilayer is studied. Compared with the single layer graphene taper, the field localization and field intensity of THz wave have been significantly enhanced due to interlayer coupling between SPPs in the graphene multilayer taper. The largest field amplitude enhancement is obtained to be 620 at λ = 50 μm, which increases further to 1800 at longer THz wavelength and larger graphene chemical potential. In addition, the plasmonic wavelength can be reduced to 1/2800 of the THz wavelength and the group velocity can be slowed down to 1/2815 of the light speed in vacuum at the tip of graphene multilayer taper.
The key practical concerns lie in the fabrications and applications of such a graphene multilayers coated taper. It is noticed that there have been several techniques to coat the graphene monolayers on nanofibers [49] , AFM probes [50] and some other nanostructures [51] . Based on these techniques, a bottom-up fabrication method that coating the graphene monolayers layer by layer will be practicable. For applications like efficient nonlinear detection and imaging [52, 53] , it is desirable to perform with a strong and nanometer-sized field. As concluded above, plasmonic nanofocusing of THz wave in the graphene multilayer taper provides a unique approach to largely enhance and compress the field, which will have considerable potential for THz nonlinear optics.
Graphene is treated as an infinitesimally thin layer with surface conductivity σ g characterized by Kubo formula. The analysis is performed on the fundamental transverse magnetic (TM) mode because it is always supported in graphene without cutting off. The non-zero components of the TM mode are E z , E r , H φ . E z component in the region between the (n -1)th and (n + 1)th graphene scroll can be written as the superposition of electromagnetic (EM) waves in opposite directions (as shown in Fig. 7(a) ):
where κ i = (β 2 -ε i k 0 2 ) 1/2 being the transversal propagation, k 0 = 2π/λ being the wave number in free space, and β = n eff k 0 being the complex propagation constant of the SPP along z axis. n eff is the effective mode index and ε i is the dielectric constant in the i-th area. According to the Maxwell Equation, E r and H φ can be respectively expressed by:
Since the tangential components of the EM fields at graphene layer is continuous, the boundary conditions at the n-th graphene layer (r = R n ) can be expressed as E z (R n + ) = E z (R n -) and
. Substituting Eqs. (6) and (8) into the boundary conditions, the field amplitude coefficients in the neighboring areas can be written as the transfer matrix:
where 0 0
n is the layer number of the graphene, 1≤n≤N. Specially, n = 1 represents the single layer waveguide. According to our definition that A 0 = 0, B N = 0. With Eqs. (6)- (11), the dispersion relationship and the transversal mode field in graphene scroll waveguide can be obtained.
steady. The field at arbitrary position z can be equivalent to the superposition of two parts (shown in Fig. 7(b) ): the part from the input port (E a ), which propagates forward along z axis; the other part from the output port (E b ), which is originated from the input part and propagates backward along z axis. According to eq. (18), the relationship between E a and E b could be expressed by
where L is the waveguide length, Φ 0 is the modal field of the incident light. The field with a distance z from the input port can be expressed by
With Eqs. (19) and (20), we arrive at the final expression for the SPP field propagating in the graphene tapered waveguide
where Φ(x, y, z) and Φ 0 (x, y, z) denote the corresponding field (E r , E z or H φ ) of the graphene multilayer taper and scroll, respectively. It is "+" for E r and "-" for E z and H φ according to the coordinate system.
Influence of graphene bending induced geometric potential on the plasmonic nanofocusing
Monolayer graphene sheet is a two-dimensional material that the electrons can be perfectly confined in the surface. When the graphene layer is curved into scroll, the electronic band structure will be affected and result in the geometric potential. According to the previous study [41, 42] , the geometric potential scales linearly with the bending curvature and shifts the Fermi energy of the graphene. The shifted chemical potential is expressed as
where μ c0 is the chemical potential of the graphene sheet, v F ≈c/300 is the Fermi velocity of the carriers in graphene, and R is the curvature radius of the graphene scroll. c is the velocity of light in vacuum. Figure 8 (a) plots the chemical potential of the graphene scroll varies as function of the curvature radius. The initial chemical potential is set to be 0.5 eV. We can see that when the curvature radius is large enough, the influence of the bending induced geometric potential is negligible (e.g. Δμ c = 6 meV for R = 100 nm). When R is less than 100 nm, the geometric potential decreases rapidly as the radius decreases and the influence on the graphene chemical becomes distinctive. To investigate the influence of geometric potential, the nanofocusing of the single layer graphene taper with and without considering the geometric potential are calculated for comparison. Fig. 8(b) and Fig. 8(c) show the plots of effective indices and nanofocusing for a single layer graphene taper with and without considering the influence of geometric potential respectively. We can see that the propagation loss is a little larger when the bending effect is considered, due to the decreased chemical potential. As a result, the field enhancement is a little smaller when the geometrical potential is considered. Obviously, it will be more reasonable to take the influence of the geometric potential into account for practical applications. 
Reflection coefficients of the graphene scroll
As the air does not support SPPs propagating, the wave will be strongly reflected with a little radiation loss at the graphene/air interface [21, 38] . The reflection coefficients for the graphene single layer and multilayer scroll are calculated by solving the S-parameter in COMSOL Multiphysics. 2 , where R 1 represents the inner layer radius and R 2 represents the interlayer space. The port reflectance is nearly to be 1 for the both scrolls, which confirms that the SPP is almost completely reflected at the graphene/air interface, in accordance with that in monolayer graphene sheet [38] .
Comparison of nanofocusing in two-layer graphene taper for modes s = 1 and s = 2
As mentioned, there are two eigenmodes for a graphene two-layer taper, labeled as s = 1 and s = 2. Figures 10(a)-10(d) show the normalized field distributions of E r component and |E|/|E 0 | for the two modes, respectively. Obviously, the field of s = 1 dominantly distributes on the exterior surface of the taper, which can not be confined well. On contrast, the field of s = 2 is strongly confined at the taper tip. Figure 10 (e) shows the effective indices varying long the tapered direction for the two modes. The mode lateral extents at the taper tip, are calculated to be 361.7 nm and 11.7 nm for s = 1 and s = 2 respectively, indicating a much better field localization of s = 2. To accurately compare the plasmonic nanofocusing effect, the normalized field distributions (|E|/|E 0 |) of the two modes on the inner-layer graphene surface are calculated by simulation, as shown in Figure 10 (f). The field amplitude enhancement of mode s = 2 is more than 100 larger than that of s = 1, which further confirms the better nanofocusing of mode s = 2. 
